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Directional Uncertainty Principle for Quater-
nion Fourier Transform
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Abstract. This paper derives a new directional uncertainty principle for quater-
nion valued functions subject to the quaternion Fourier transformation. This
can be generalized to establish directional uncertainty principles in Clifford
geometric algebras with quaternion subalgebras. We demonstrate this with
the example of a directional spacetime algebra function uncertainty principle
related to multivector wave packets.
Mathematics Subject Classification (2000). Primary 11R52; Secondary 42A38,
15A66, 83A05, 35L05.
Keywords.Geometric algebra, quaternions, uncertainty, multivector wave pack-
ets, spacetime algebra.
1. Introduction
The Heisenberg uncertainty principle and quaternions are both fundamental for
quantum mechanics, including the spin of elementary particles. The quaternion
Fourier transform (QFT) [1,2] is used in image and signal processing. It allows to
formulate a component wise uncertainty principle [3, 4, 5].
In Clifford geometric algebras, which generalize real and complex numbers
and quaternions to higher dimensions, the vector differential allows to formulate a
more general directional uncertainty principle [7,8]. The present paper formulates
a directional uncertainty principle for quaternion functions. As prerequisite for its
proof we further investigate the split of quaternions introduced in [2, 6].
Then we show how the generalization of the QFT to a spacetime algebra
(STA) Fourier transform (SFT) [2] allows us to also generalize the directional
QFT uncertainty principle to STA. There the quaternion split corresponds to the
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relativistic split of spacetime into time and space. The split of the SFT corresponds
then to analyzing a spacetime multivector function in terms of left and right trav-
elling multivector wave packets [2]. We will see that the energies of these wave
packets determine together with two arbitrary spacetime directions (one space-
time vector and one relativistic wave vector) the resulting uncertainty threshold.
2. Definition and properties of quaternions H
2.1. Basic facts about quaternions
Gauss, Rodrigues and Hamilton’s four-dimensional (4D) quaternion algebra H is
defined over R with three imaginary units:
ij = −ji = k, jk = −kj = i, ki = −ik = j, i2 = j2 = k2 = ijk = −1. (2.1)
Every quaternion can be written explicitly as
q = qr + qii+ qjj + qkk ∈ H, qr, qi, qj, qk ∈ R, (2.2)
and has a quaternion conjugate (equivalent to reversion in Cl+3,0)
q˜ = qr − qii− qjj − qkk. (2.3)
This leads to the norm of q ∈ H
|q| =
√
qq˜ =
√
q2r + q
2
i + q
2
j + q
2
k, |pq| = |p||q|. (2.4)
The scalar part of a quaternion is defined as
Sc(q) = qr =
1
2
(q + q˜). (2.5)
2.2. The ± split of quaternions
A convenient split [2] of quaternions is defined by
q = q+ + q−, q± =
1
2
(q ± iqj). (2.6)
Explicitly in real components qr, qi, qj , qk ∈ R using (2.1) we get
q± = {qr ± qk + i(qi ∓ qj)}
1± k
2
=
1± k
2
{qr ± qk + j(qj ∓ qi)}. (2.7)
This leads to the following new modulus identity
Lemma 2.1 (Modulus identity). For q ∈ H
|q|2 = |q−|
2 + |q+|
2. (2.8)
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Proof. Using (2.7) we get for the right side of (2.8)
|q−|
2 + |q+|
2 =
1
2
[(qr + qk)
2 + (qi − qj)
2 + (qr − qk)
2 + (qi + qj)
2]
=
1
2
[2q2r + 2q
2
k + 2q
2
i + 2q
2
j ] = |q|
2, (2.9)
because ∣∣∣∣i1± k2
∣∣∣∣2 = ∣∣∣∣1± k2
∣∣∣∣2 = 12 . (2.10)

We can further derive the following useful split product identities.
Lemma 2.2 (Scalar part of mixed split product). Given two quaternions p, q and
applying the ± split we get zero for the scalar part of the mixed products
Sc(p+q˜−) = 0, Sc(p−q˜+) = 0. (2.11)
Proof. We only prove the first identity. The second works analogous.
Sc(p+q˜−) = Sc({pr + pk + i(pi − pj)}
1 + k
2
1 + k
2
{qr − qk − i(qi + qj)})
= Sc({pr + pk + i(pi − pj)}
k
2
{qr − qk − i(qi + qj)})
=
1
2
Sc({pr + pk + i(pi − pj)}{(qr − qk)k − j(qi + qj)}) = 0, (2.12)
where we used
1 + k
2
1 + k
2
=
k
2
. (2.13)

3. Overview of Fourier transforms (FT)
We first give a brief overview of some complex and hypercomplex Fourier trans-
forms.
3.1. Complex, Clifford, quaternion, spacetime Fourier transforms
The classical complex Fourier transformation (FT) is defined as
FC{f}(ω) =
∫
R
f(x) e−iωx dx, (3.1)
where f ∈ L1(R,C), and ω, x ∈ R.
Brackx et al. [9] extended the Fourier transform to multivector valued function-
distributions in Cl0,n with compact support. A related applied approach for hy-
percomplex Clifford Fourier transformations in Cl0,n was followed by Bu¨low et.
al. [10].
By extending the classical trigonometric exponential function exp(j x ∗ ξ)
(where ∗ denotes the scalar product of x ∈ Rm with ξ ∈ Rm, j the imaginary unit)
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in [11,12], McIntosh et. al. generalized the classical Fourier transform. Applied to
a function of m real variables this generalized Fourier transform is holomorphic in
m complex variables and its inverse is monogenic in m+ 1 real variables, thereby
effectively extending the function of m real variables to a monogenic function of
m+1 real variables (with values in a complex Clifford algebra). This generalization
has significant applications to harmonic analysis, especially to singular integrals
on surfaces in Rm+1. Based on this approach Kou and Qian obtained a Clif-
ford Payley-Wigner theorem and derived Shannon interpolation of band-limited
functions using the monogenic sinc function [13, and references therein]. The Clif-
ford Payley-Wigner theorem also allows to derive left-entire (left-monogenic in
the whole Rm+1) functions from square integrable functions on Rm with compact
support.
The real n-dimensional volume element in = e1e2 . . . en of Gn = Cln,0 over
the field of the reals R has been used in [14,7,15,8] to construct and apply Clifford
Fourier transformations for n = 2, 3 (mod 4) with kernels exp(−inx ∗ ω), x,ω ∈
Rn. This in has a clear geometric interpretation. Note that i
2
n = −1 for n =
2, 3 (mod 4).
For n = 3 the Clifford geometric algebra (GA) FT in G3 (replacing i → i3)
is given by
FG3{f}(~ω) =
∫
R3
f(~x) e−i3~ω·~x d3~x, (3.2)
where f ∈ L1(R3,G3) and ~ω, ~x ∈ R
3. For n = 2, 3 (mod 4) the GA FT in Gn
(basically replacing i→ in) is
FGn{f}(ω) =
∫
Rn
f(x) e−inω·x dnx, (3.3)
where f ∈ L1(Rn,Gn) and ω,x ∈ R
n.
Ell [1] defined the quaternion Fourier transform (QFT) for application to 2D
linear time-invariant systems of PDEs. Ell’s QFT belongs to the growing family
of Clifford Fourier transformations. But the left and right placement of the ex-
ponential factors in definition (3.4) distinguishes it. Later the QFT was applied
extensively to 2D image processing, including color images [5, 1, 10]. This spurred
research into optimized numerical implementations [16, 17].
The (double sided form of the) QFT in H (replacing i → i, j) is commonly
defined as
FH{f}(ω) = fˆ(ω) =
∫
R2
e−ix1ω1f(x) e−jx2ω2d2x, (3.4)
where f ∈ L1(R2,H), d2x = dx1dx2 and x,ω ∈ R
2.
Ell [1] and others [5,18] also investigated related commutative hypercomplex
Fourier transforms like in the commutative subalgebra of G4 with subalgebra basis
{1, e12, e34, e1234},
e212 = e
2
34 = −1, e
2
1234 = +1 . (3.5)
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A higher dimensional generalization [2] of the QFT to the spacetime algebra
G3,1 is the spacetime FT (SFT) (replacing the quaternion units by i→ et, j → i3)
will be explained and applied in section 7.2.
4. Uncertainty principle
4.1. The Heisenberg uncertainty principle in physics
Photons (quanta of light) scattering off particles to be detected cause minimal
position momentum uncertainty during detection. The uncertainty principle has
played a fundamental role in the development and understanding of quantum
physics. It is also central for information processing [19].
In quantum physics it states e.g. that particle momentum and position cannot
be simultaneously measured with arbitrary precision. The hypercomplex (quater-
nion or more general multivector) function f(x) would represent the spatial part of
a separable wave function and its Fourier transform (QFT, CFT, SFT, ...) F{f}(ω)
the same wave function in momentum space (compare [20, 21, 22]). The variance
in space Rn (in physics often n = 3) would then be calculated as (1 ≤ k ≤ n)
(∆xk)
2 =
∫
Rn
〈f(x)(ek · x)
2f˜(x)〉 dnx =
∫
Rn
(ek · x)
2|f(x)|2 dnx,
where it is customary to set without loss of generality the mean value of ek · x to
zero [22]. The variance in momentum space would be calculated as (1 ≤ l ≤ n)
(∆ωl)
2 =
1
(2π)n
∫
Rn
〈F{f}(ω)(el · ω)
2F˜{f}(ω)〉 dnω
=
1
(2π)n
∫
Rn
(el · ω)
2 |F{f}(ω)|2dnω.
Again the mean value of el · ω is customarily set to zero, it merely corresponds
to a phase shift [22]. Using our mathematical units, the position-momentum un-
certainty relation of quantum mechanics is then expressed by (compare e.g. with
(4.9) of [21, page 86])
∆xk∆ωl =
1
2
δk,lF, (4.1)
where δk,l is the usual Kronecker symbol. Note that we have not normalized the
squares of the variances by division with F =
∫
Rn
|f(x)|2 dnx, therefore the extra
factor F on the right side of (4.1). Further explicit examples from image processing
can be found in [16].
In general in Fourier analysis such conjugate entities correspond to the vari-
ances of a function and its Fourier transform which cannot both be simultaneously
sharply localized (e.g. [19, 23]). Material on the classical uncertainty principle for
the general case of L2(Rn) without the additional condition lim|x|→∞ |x|
2|f(x)| = 0
can be found in [24] and [25]. Felsberg [16] even notes for two dimensions: In 2D
however, the uncertainty relation is still an open problem. In [26] it is stated that
there is no straightforward formulation for the 2D uncertainty relation.
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Let us now briefly define the notion of directional uncertainty principle in
Clifford geometric algebra.
4.2. Directional uncertainty principle in Clifford geometric algebra
From the view point of Clifford geometric algebra an uncertainty principle gives
us information about how the variance of a multivector valued function and the
variance of its Clifford Fourier transform are related. We can shed the restriction
to the parallel (k = l) and orthogonal (k 6= l) cases of (4.1) by looking at the
x ∈ Rn variance in an arbitrary but fixed direction a ∈ Rn and at the ω ∈ Rn
variance in an arbitrary but fixed direction b ∈ Rn. We are now concerned with
Clifford geometric algebra multivector functions f : Rn → Gn, n = 2, 3 (mod 4)
with GA FT F{f}(ω) such that∫
Rn
|f(x)|2 dnx = F <∞. (4.2)
The directional uncertainty principle [7, 8] with arbitrary constant vectors a,
b ∈ Rn means that
1
F
∫
Rn
(a · x)2|f(x)|2 dnx
1
(2π)nF
∫
Rn
(b · ω)2 |F{f}(ω)|2dnω ≥
(a · b)2
4
. (4.3)
Equality (minimal bound) in (4.3) is achieved for optimal Gaussian multivector
functions
f(x) = C0 e
−α x2 , (4.4)
C0 ∈ Gn arbitrary const. multivector, 0 < α ∈ R.
So far there seems to be no directional uncertainty principle for quaternion
functions over R2 subject to the QFT. But there already exists a component wise
uncertainty principle.
4.3. Component wise uncertainty principle for right sided QFT
For the right sided QFT Fr{f}: R
2 → H of f ∈ L1(R2;H) given by [3, 5]
Fr{f}(ω) =
∫
R2
f(x)e−iω1x1e−jω2x2 d2x, (4.5)
where x = x1e1 + x2e2, ω = ω1e1 + ω2e2, and the quaternion exponential prod-
uct e−iω1x1e−jω2x2 is the quaternion Fourier kernel, it is possible to establish a
component uncertainty principle (k = 1, 2)∫
R2
x2k|f(x)|
2d2x
∫
R2
ω2k|Fr{f}(ω)|
2d2ω ≥
(2π)2
4
{∫
R2
|f(x)|2d2x
}2
, (4.6)
where f ∈ L2(R2;H) is now a quaternion-valued signal such that both (1 +
|xk|)f(x) ∈ L
2(R2;H) and ∂∂xk f(x) ∈ L
2(R2;H). It is further possible to prove [3]
that equality holds if and only if f is a Gaussian quaternion function
f(x) = C0e
−α1x
2
1
−α2x
2
2 , const. C0 ∈ H, 0 < α1, α2 ∈ R. (4.7)
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Remark 4.1. Now we want to address the very important question: Is it also
possible to establish a full directional uncertainty principle for the QFT?
In the following we will try to answer this question after investigating some
relevant properties of the double sided QFT, which is slightly different from (4.5).
5. Quaternion Fourier transform (QFT)
From now on we only consider the double sided QFT F{f}: R2 → H of f ∈
L1(R2;H) in the form
F{f}(ω) = fˆ(ω) =
∫
R2
e−ix1ω1f(x) e−jx2ω2d2x. (5.1)
Linearity allows to also split up the QFT itself as
F{f}(ω) = F{f− + f+}(ω) = F{f−}(ω) + F{f+}(ω). (5.2)
5.1. Simple complex forms for QFT of f±
The QFT of the f± split parts of a quaternion function f ∈ L
2(R2,H) have simple
complex forms [2]
fˆ± =
∫
R2
f±e
−j(x2ω2∓x1ω1)d2x =
∫
R2
e−i(x1ω1∓x2ω2)f±d
2x . (5.3)
We can rewrite this free of coordinates as
fˆ− =
∫
R2
f−e
−jx·ωd2x, fˆ+ =
∫
R2
f+e
−jx·(U1ω)d2x, (5.4)
where the reflection U1ω changes component ω1 → −ω1. That this applies to ω1
is due to the choice of the kernel in (5.1).
5.2. Preparations for the full directional QFT uncertainty principle
Now we continue to lay the ground work for the full directional QFT uncertainty
principle. We begin with the following lemma.
Lemma 5.1 (Integration of parts). With the vector differential a ·∇ = a1∂1+a2∂2,
with arbitrary constant a ∈ R2, g, h ∈ L2(R2,H)∫
R2
g(x)[a·∇h(x)]d2x =
[∫
R
g(x)h(x)dx
]a·x=∞
a·x=−∞
−
∫
R2
[a·∇g(x)]h(x)d2x. (5.5)
Remark 5.2. The proof of Lemma 5.1 works very similar to the proof of integration
of parts in [7]. We therefore don’t repeat it here.
For a quaternion function f and its QFT F{f} itself we also get important
modulus identities.
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Lemma 5.3 (Modulus identities). Due to |q|2 = |q−|
2+ |q+|
2 of Lemma 2.1 we get
for f : R2 → H the following identities
|f(x)|2 = |f−(x)|
2 + |f+(x)|
2, (5.6)
|F{f}(ω)|2 = |F{f−}(ω)|
2 + |F{f+}(ω)|
2. (5.7)
We further establish formulas for the vector differentials of the QFTs of the
split function parts f− and f+.
Lemma 5.4 (QFT of vector differentials). Using the split f = f− + f+ we get the
QFTs of the split parts. Let b ∈ R2 be an arbitrary constant vector.
F{b · ∇f−}(ω) = b · ωF{f−}(ω) j, (5.8)
F{b · ∇f+}(ω) = b · (U1ω)F{f+}(ω) j, (5.9)
F{(U1b) · ∇f+}(ω) = b · ωF{f+}(ω) j. (5.10)
Remark 5.5. The previously explained complex forms of the QFTs make the proof
of Lemma 5.4 very similar to the case n = 2 of [8]. Noncommutativity must be
duly taken into account!
Lemma 5.6 (Schwartz inequality). Two quaternion functions g, h ∈ L2(R2,H) obey
the following Schwartz inequality∫
R2
|g(x)|2d2x
∫
R2
|h(x)|2d2x
≥
1
4
[∫
R2
g(x)h˜(x) + h(x)g˜(x)d2x
]2
=
[∫
R2
Sc(g(x)h˜(x))d2x
]2
. (5.11)
Remark 5.7. The proof of Lemma 5.6 can be based on the following inequality
(0 < ǫ ∈ R) ∫
R2
[g(x) + ǫh(x)][g(x) + ǫh(x)]∼d2x ≥ 0. (5.12)
6. Directional QFT uncertainty principle
In this section we state the directional QFT uncertainty principle and prove it
step by step.
Theorem 6.1 (Directional QFT UP). For two arbitrary constant vectors a = a1e1+
a2e2 ∈ R
2, b = b1e1 + b2e2 ∈ R
2 (selecting two directions), and f ∈ L2(R2,H),
|x|1/2f ∈ L2(R2,H) we obtain∫
R2
(a·x)2|f(x)|2d2x
∫
R2
(b·ω)2|F{f}(ω)|2d2ω ≥
(2π)2
4
[
(a · b)2F 2− + (a · b
′)2F 2+
]
,
(6.1)
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with the energies
F± =
∫
R2
|f±(x)|
2d2x, b′ = U1b = −b1e1 + b2e2 ∈ R
2. (6.2)
Proof. We now prove the directional QFT uncertainty principle by the following
direct calculation.
∫
R2
(a · x)2|f(x)|2d2x
∫
R2
(b · ω)2|F{f}(ω)|2d2ω
±split
=
[∫
R2
(a · x)2|f−(x)|
2d2x+
∫
R2
(a · x)2|f+(x)|
2d2x
]
[∫
R2
(b · ω)2|F{f−}(ω)|
2d2ω +
∫
R2
(b · ω)2|F{f+}(ω)|
2d2ω
]
Lem.5.4
=
[
. . .
] [∫
R2
|F{(b · ∇)f−}(ω)(−j)|
2d2ω +
∫
R2
|F{(b′ · ∇)f+}(ω)(−j)|
2d2ω
]
Parsev.
=
[∫
R2
|(a · x)f−(x)|
2d2x+
∫
R2
|(a · x)f+(x)|
2d2x
]
(2π)2
[∫
R2
|(b · ∇)f−(x)|
2d2x+
∫
R2
|(b′ · ∇)f+(x)|
2d2x
]
= (2π)2
[∫
R2
|(a · x)f−(x)|
2d2x
∫
R2
|(b · ∇)f−(x)|
2d2x
+
∫
R2
|(a · x)f+(x)|
2d2x
∫
R2
|(b′ · ∇)f+(x)|
2d2x
+
∫
R2
|(a · x)f−(x)|
2d2x
∫
R2
|(b′ · ∇)f+(x)|
2d2x
+
∫
R2
|(a · x)f+(x)|
2d2x
∫
R2
|(b · ∇)f−(x)|
2d2x
]
Schwartz
≤ (2π)2
[{∫
R2
Sc
(
a · xf− b · ∇f˜−
)
d2x
}2
+
{∫
R2
Sc
(
a · xf+ b
′ · ∇f˜+
)
d2x
}2
+
{∫
R2
Sc
(
a · xf− b
′ · ∇f˜+
)
︸ ︷︷ ︸
=0 (Lem.2.2)
d2x
}2
+
{∫
R2
Sc
(
a · xf+ b · ∇f˜−
)
︸ ︷︷ ︸
=0 (Lem.2.2)
d2x
}2]
= (2π)2
[{∫
R2
a · x
1
2
b · ∇(f−f˜−)d
2x
}2
+
{∫
R2
a · x
1
2
b′ · ∇(f+f˜+)d
2x
}2]
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Int. by p.
=
(2π)2
4
[{ ∫
R2
b · ∇(a · x)︸ ︷︷ ︸
=a·b
|f−|
2d2x
}2
+
{∫
R2
b′ · ∇(a · x)︸ ︷︷ ︸
=a·b′
|f+|
2d2x
}2]
=
(2π)2
4
[
(a · b)2 F 2− + (a · b
′)2 F 2+
]
. (6.3)
After using the Schwartz inequality of Lemma 5.6 we further used
Sc
(
f− b · ∇f˜−
)
=
1
2
b · ∇
(
f− f˜−
)
, Sc
(
f+ b · ∇f˜+
)
=
1
2
b · ∇
(
f+ f˜+
)
. (6.4)

7. Generalization of directional uncertainty principle to spacetime
The quaternions frequently appear as subalgebras of higher order Clifford geomet-
ric algebras [28]. This is for example the case for the spacetime algebra (STA) [27],
which is of prime importance in physics, and in applications where time matters
as well (motion in time, video sequences, flow fields, ...). The quaternion subal-
gebra allows to introduce generalizations of the QFT to functions in these higher
order Clifford geometric algebras. For example it allows to generalize the QFT to
a spacetime FT [2].
7.1. Spacetime algebra (STA)
The spacetime algebra is the geometric algebra of R3,1. In R3,1 we can introduce
the following orthonormal basis
{et, e1, e2, e3}, −e
2
t = e
2
1 = e
2
2 = e
2
3 = 1. (7.1)
In G(R3,1) we thus get three anti-commuting blades that all square to minus one
e2t = −1, i3 = e1e2e3, i
2
3 = −1, ist = ete1e2e3, i
2
st = −1. (7.2)
The volume-time subalgebra of G(R3,1) generated by these blades is indeed iso-
morphic to the quaternion algebra [29].
{1, et, i3, ist} ←→ {1, i, j,k} (7.3)
This isomorphism allows us now to introduce the ± split to spacetime algebra,
which now turns out to be a very real (physical) spacetime split
f± =
1
2
(f ± etfe
∗
t ), (7.4)
where
e∗t = eti
−1
st = −etist = −eteti3 = i3. (7.5)
The time direction et determines therefore the complimentary 3D space with pseu-
doscalar i3 as well!
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7.2. From the QFT to the spacetime Fourier transform (SFT)
The spacetime Fourier transform maps 16D spacetime algebra functions f : R3,1 →
G3,1 to 16D spacetime spectrum functions
⋄
f : R3,1 → G3,1. It is defined in the
following way
f → FSFT {f}(ω) =
⋄
f(ω) =
∫
R3,1
e−et tωtf(x) e−i3~x·~ωd4x , (7.6)
with
• spacetime vectors x = tet + ~x ∈ R
3,1, ~x = xe1 + ye2 + ze3 ∈ R
3
• spacetime volume d4x = dtdxdydz
• spacetime frequency vectors ω = ωtet+ ~ω ∈ R
3,1, ~ω = ω1e1+ω2e2+ω3e3 ∈
R3
Remark 7.1. The 3D integration part∫
f(x) e−i3~x·~ωd3~x
in (7.6) fully corresponds to the GA FT in G3, as stated in (3.2), compare [7, 8].
The ± split of the QFT can now, via the isomorphism (7.3) of quaternions to
the volume-time subalgebra of the spacetime algebra, be extended to splitting gen-
eral spacetime algebra multivector functions over R3,1. This leads to the following
interesting result [2].
⋄
f =
⋄
f+ +
⋄
f− =
∫
R3,1
f+ e
−i3(~x·~ω− tωt )d4x+
∫
R3,1
f− e
−i3( ~x·~ω+ tωt )d4x. (7.7)
This result shows us that the SFT is identical to a sum of right and left propagating
multivector wave packets. We therefore see that these physically important wave
packets arise absolutely naturally from elementary purely algebraic considerations.
7.3. Directional 4D spacetime uncertainty principle
We now generalize the directional QFT uncertainty principle to spacetime algebra
multivector functions.
Theorem 7.2 (Directional 4D spacetime uncertainty principle). For two arbi-
trary constant spacetime vectors a, b ∈ R3,1 (selecting two directions), and f ∈
L2(R3,1,G3,1), |x|
1/2f ∈ L2(R3,1,G3,1) we obtain∫
R3,1
(att− ~a · ~x)
2|f(x)|2d4x
∫
R3,1
(btωt −~b · ~ω)
2|F{f}(ω)|2d4ω
≥
(2π)4
4
[
(atbt − ~a ·~b)
2F 2− + (atbt + ~a ·
~b)2F 2+
]
,
with energies of the left and right traveling wave packets:
F± =
∫
R2
|f±(x)|
2d2x. (7.8)
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Remark 7.3. The proof is strictly analogous to the proof of the directional QFT
uncertainty principle. In that proof we simply need to replace the integral
∫
R2
by
the integral
∫
R3,1
, the infinitesimal 2D area element d2x by the infinitesimal 4D
volume element d4x, etc. Applying the Parseval theorem in four dimensions leads
to the factor of (2π)4 instead of (2π)2.
8. Conclusion
We first studied the ± split of quaternions and its effects on the double sided QFT.
Based on this we have established a new directional QFT uncertainty principle.
Via isomorphisms of the quaternion algebra H to Clifford geometric subal-
gebras, the QFT can be generalized to these Clifford geometric algebras. This
generalization to higher dimensional algebras is also possible for the new direc-
tional QFT uncertainty principle. We demonstrated this with the physically most
relevant generalization to spacetime algebra functions.
There the quaternion ± split corresponds to the relativistic split of spacetime
into time and space, e.g. the rest frame of an observer. The split of the SFT
corresponds then to analyzing a spacetime multivector function in terms of left and
right travelling multivector wave packets [2]. The energies of these wave packets
determine together with two arbitrary spacetime directions (one spacetime vector
and one relativistic wave vector) the resulting uncertainty threshold.
Regarding the proliferation of higher dimensional theories in theoretical phys-
ics, and the model of Euclidean space in the socalled conformal geometric algebra
G4,1, which has recently become of interest for applications in computer graphics,
computer vision and geometric reasoning [30, 31], even higher dimensional gener-
alizations of the directional QFT uncertainty principle may be of interest in the
future.
References
[1] T. A. Ell, Quaternionic-Fourier Transform for Analysis of Two-dimensional Lin-
ear Time-Invariant Partial Differential Systems. in Proceedings of the 32nd IEEE
Conference on Decision and Control, December 15-17, 2 (1993), 1830–1841.
[2] E. Hitzer, Quaternion Fourier Transform on Quaternion Fields and Generalizations,
Adv. in App. Cliff. Alg., 17 (2007), 497–517.
[3] B. Mawardi, E. Hitzer, A. Hayashi, R. Ashino, An Uncertainty Principle for Quater-
nion Fourier Transform. Computer & Mathematics with Applications, 56 (2008),
2398–2410.
[4] B. Mawardi, E. Hitzer, R. Ashino, R. Vaillancourt, Windowed Fourier transform of
two-dimensional quaternionic signals, submitted to Appl. Math. and Computation,
March 2009.
[5] T. Bu¨low, Hypercomplex Spectral Signal Representation for the Processing and Anal-
ysis of Image. PhD thesis, University of Kiel, 1999.
Directional Uncertainty Principle for QFT 13
[6] S. Georgiev, Real Quaternionic Calculus Handbook, private communication, May
2009.
[7] B. Mawardi and E. Hitzer, Clifford Fourier Transform and Uncertainty Principle for
the Clifford Geometric Algebra Cl3,0. Adv. App. Cliff. Alg., 16(1) (2006), 41–61.
[8] E. Hitzer and B. Mawardi, Clifford Fourier Transform on Multivector Fields and
Uncertainty Principle for Dimensions n = 2 (mod 4) and n = 3 (mod 4). P. Angle`s
(ed.), Adv. App. Cliff. Alg. Vol. 18(3,4) (2008), 715–736.
[9] F. Brackx, R. Delanghe, and F. Sommen, Clifford Analysis, Vol. 76 of Research Notes
in Mathematics, Pitman Advanced Publishing Program, 1982.
[10] T. Bu¨low, M. Felsberg and G. Sommer, Non-commutative Hypercomplex Fourier
Transforms of Multidimensional Signals, in G. Sommer (ed.), Geom. Comp. with
Cliff. Alg., Theor. Found. and Appl. in Comp. Vision and Robotics, Springer (2001),
187–207.
[11] C. Li, A. McIntosh and T. Qian, Clifford Algebras, Fourier Transform and Singular
Convolution Operators On Lipschitz Surfaces, Revista Matematica Iberoamericana,
10 (3), (1994), 665–695.
[12] A. McIntosh, Clifford Algebras, Fourier Theory, Singular Integrals, and Harmonic
Functions on Lipschitz Domains, chapter 1 of J. Ryan (ed.), Clifford Algebras in
Analysis and Related Topics, CRC Press, Boca Raton, 1996.
[13] T. Qian, Paley-Wiener Theorems and Shannon Sampling in the Clifford Analysis
Setting in R. Ablamowicz (ed.), Clifford Algebras - Applications to Mathematics,
Physics, and Engineering, Birka¨user, Basel, (2004), 115–124.
[14] J. Ebling and G. Scheuermann, Clifford Fourier Transform on Vector Fields, IEEE
Transactions on Visualization and Computer Graphics, 11 (4), July/August (2005),
469–479.
[15] E. Hitzer, B. Mawardi, Uncertainty Principle for the Clifford Geometric Algebra
Cln,0, n = 3(mod 4) based on Clifford Fourier transform, in Springer SCI book
series Applied and Numerical Harmonic Analysis, 2006, pp. 45–54.
[16] M. Felsberg, Low-Level Image Processing with the Structure Multivector. PhD thesis,
Univ. of Kiel, 2002.
[17] S.C. Pei, J.J. Ding, J.H. Chang, Efficient Implementation of Quat. Fourier Transf.,
Convolution, and Correlation by 2-D Complex FFT, IEEE Trans. on Sig. Proc.
49(11) (2001), 2783–2797.
[18] F. Catoni, R. Cannata, P. Zampeti, An Introduction to Commutative Quaternions
Adv. in App. Cliff. Alg. 16(1) (2006), 1–28.
[19] J. M. Rassias, On The Heisenberg-Weyl Inequality, Jour. of Inequalities in Pure and
Appl. Math., 6 (1), article 11, (2005), 1–18. http://www.primedu.uoa.gr/˜jrasssias/
[20] C. Doran, A. Lasenby, Geometric Algebra for Physicists, CUP, Cambridge, 2003.
[21] F. Schwabl, Quantenmechanik, 2nd ed., Springer, Berlin, 1990.
[22] H. Weyl, The Theory of Groups and Quantum Mechanics, Dover, New York, 1950.
[23] J. G. Christensen, Uncertainty Principles, Master Thesis, University of Copenhagen,
2003.
[24] S. Mallat, A wavelet tour of signal processing, Academic Press, 2001.
[25] K. Gro¨chenig, Foundations of Time-Frequency Analysis, Birkha¨user, 2001.
14 E. Hitzer
[26] G.H. Granlund, H. Knutsson, Signal Processing for Computer Vision, Kluwer, Dor-
drecht, 1995.
[27] D. Hestenes, Space-Time Algebra, Gordon and Breach, 1966.
[28] P. Lounesto, Clifford Algebras and Spinors. 2nd ed., CUP, Cambridge, 2006.
[29] P. Girard, Quaternions, alge`bre de Clifford et physique relativiste, Presses polytech-
niques, et universitaires romandes, 2004 (French). Quaternions, Clifford Algebras
and Relativistic Physics, Birkha¨user, Basel, 2007 (English).
[30] L. Dorst, D. Fontijne and S. Mann, Geometric Algebra for Computer Science:
An Object-oriented Approach to Geometry. Morgan Kaufmann Series in Computer
Graphics, Elsevier, San Francisco, 2007.
[31] H. Li, Invariant algebras and geometric reasoning. World Scientific, Singapore, 2008.
[32] F. Collins, Director of the US National Human Genome Research Institute, in Time
Magazine, 5 Nov. 2006.
Acknowledgment
I do believe in God’s creative power in having brought it all into being in
the first place, I find that studying the natural world is an opportunity
to observe the majesty, the elegance, the intricacy of God’s creation. [32]
I thank my family for their constant loving support, as well as B. Mawardi
and S. Buchholz. I further thank the Cognitive Systems group (LS Sommer) in
Kiel for their hospitality.
Eckhard M. S. Hitzer
Department of Applied Physics
University of Fukui
910-8507 Fukui
Japan
e-mail: hitzer@mech.fukui-u.ac.jp
Submitted: April 22, 2008
Revised: May 9, 2008
